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Abstract 

The aim of the present article is to describe the symmetry structure of a general gauge 
(singular) theory, and, in particular, to relate the structure of gauge transformations with 
the constraint structure of a theory in the Hamiltonian formulation. We demonstrate that the 
symmetry structure of a theory action can be completely revealed by solving the so-called sym¬ 
metry equation. We develop a corresponding constructive procedure of solving the symmetry 
equation with the help of a special orthogonal basis for the constraints. Thus, we succeed 
in describing all the gauge transformations of a given action. We find the gauge charge as a 
decomposition in the orthogonal constraint basis. Thus, we establish a relation between the 
constraint structure of a theory and the structure of its gauge transformations. In particular, 
we demonstrate that, in the general case, the gauge charge cannot be constructed with the 
help of some complete set of first-class constraints alone, because the charge decomposition 
also contains second-class constraints. The above-mentioned procedure of solving the sym¬ 
metry equation allows us to describe the structure of an arbitrary symmetry for a general 
singular action. Finally, using the revealed structure of an arbitrary gauge symmetry, we give 
a rigorous proof of the equivalence of two definitions of physicality condition in gauge theories: 
one of them states that physical functions are gauge-invariant on the extremals, and the other 
requires that physical functions commute with FCC (the Dirac conjecture). 


1 Introduction 

Most of the contemporary particle-physics theories are formulated as gauge theories. It is well- 
known that within the Hamiltonian formulation gauge theories are theories with constraints, in 
particular, first-class constraints (FCC). This fact is the main reason for a long and intensive study 
of the formal theory of constrained systems. The theory of constrained systems, initiated by the 
pioneering works of Bergmann and Dirac m and then developed and presented in various review 
books 01200171 , still attracts a great attention of researchers. Relatively simple were the first 
steps of the theory in formulating the dynamics of constrained systems in the phase space, thus 
elaborating the procedure of finding all the constraints (Dirac’s procedure) and reorganizing the 
constraints to FCC and second-class constraints (SCC). From the very beginning, it became clear 
that the presence of FCC among the complete set of constraints in the Hamiltonian formulation 
is a direct indication that the theory is a gauge one, i.e., its Lagrangian action is invariant under 
gauge transformations, which, in the general case, are continuos transformations parameterized 
by arbitrary functions of time (of the space-time coordinates, in the case of field theory). It 
was demonstrated that the number of independent gauge parameters is equal to the number /ii 
of primary FCC, and the total number of nonphysical variables is equal to the number /r of 
all FCC, despite the fact that the equations of motion contain only [ii arbitrary functions of 
time (undetermined Lagrange multipliers to the primary FCC); see 0 and references therein. At 
the same time, we proved that for a class of theories for which the constraint structures of the 
complete theory and of its quadratic approximation are the same, and for which the constraint 
structure does not change from point to point in the phase-space (we call such theories perturbative 
ones), physical functions in the Hamiltonian formulation must commute with FCC. In a sense, this 
statement can be identified with the so-called Dirac conjecture. All models known until now in 
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which the Dirac conjecture does not hold are nonperturbative in the above sense. After this 
preliminary progress in the theory of constrained systems, it became clear that a natural and very 
important continuation of studies is the attempt to relate the constraint structure and constraint 
dynamics of a gauge theory in the Hamiltonian formulation to specific features of a theory in 
the Lagrangian formulation, especially to relate the constraint structure to the structure of gauge 
transformations for a Lagrangian action. One of the key problems here is the following: how to 
construct a general expression for the gauge charge if the constraint structure in the Hamiltonian 
formulation is known? Another principle question closely related to the latter is: can one identify 
the physical functions defined as those commuting with FCC in the Hamiltonian formulation (the 
so-called physicality condition in the Hamiltonian sense, well-known as the Dirac conjecture) with 
the physical functions defined as gauge-invariant functions? (In what follows, we refer to the latter 
definition of physical functions as the physicality condition in the gauge sense.) Many efforts 
have been made in attempting to answer these questions: see, for example, [S|. All previous 
considerations contain some restricting assumptions about the structure of a theory (in particular, 
about the constraint structure), so that rigorous answers to all of the above questions are still 
unknown for a general gauge theory (even one belonging to the above-mentioned perturbative 
class). The aim of the present work is to answer the above questions for perturbative gauge 
theories in terms of rigorous statements. 

In this connection, it should be noted that there exists an isomorphism between the symmetry 
classes of the Hamiltonian and Lagrangian actions of the same theory, since they are dynamically 
equivalent 1 (see [Hj). It is then convenient to study the symmetry structure by considering the 
simpler Hamiltonian action (this is what we do in the present article), since it is a first-order 
action. The symmetries of the Lagrangian action can be obtained as a reduction of the Hamiltonian 
action symmetries by substituting all the Lagrange multipliers and momenta for coordinates and 
velocities. We demonstrate that the symmetry structure of the Hamiltonian action (and, hence, 
that of the Lagrangian action) can be completely revealed by solving the so-called symmetry 
equation. Choosing a special orthogonal basis for the constraints (introduced in m and described 
in sec. 3), one can analyze the symmetry equation algebraically. We develop the corresponding 
constructive procedure of solving the symmetry equation. Thus, we succeed in describing all the 
gauge transformations of a given action (sec. 4). We find the gauge charge as a decomposition in 
the orthogonal constraint basis. Thus, we establish the relation between the constraint structure 
of a theory and the structure of its gauge transformations. In particular, we demonstrate that, 
in the general case, the gauge charge cannot be constructed with the help of some complete set 
of FCC alone, since the decomposition also contains SCC. The above-mentioned procedure of 
solving the symmetry equation allows one to analyze the structure of any infinitesimal Noether 
symmetry. In doing this, we constructively demonstrate that any infinitesimal Noether symmetry 
can be represented as a sum of three kinds of symmetries: global, gauge, and trivial (sec. 5). In 
particular, we can see that the global part of a symmetry is a canonical transformation, which 
does not vanish on the extremals, and the corresponding conserved charge (the generator of this 
transformation) does not vanish on the extremals either. The gauge part of a symmetry does 
not vanish on the extremals, but the gauge charge does vanish on them. The trivial part of 
any symmetry vanishes on the extremals, and the corresponding charge vanishes quadratically on 
the extremals. In our procedure of solving the symmetry equation, the generators of canonical 
global and gauge symmetries may depend on Lagrange multipliers and their time derivatives. This 
happens in the case when the number of stages in the Dirac procedure is more than two. In 
addition, we prove that any infinitesimal Noether symmetry that vanishes on the extremals is a 
trivial symmetry (sec. 6). Finally, using the established structure of an arbitrary gauge symmetry, 
we strictly prove an equivalence of the two definitions of physicality condition in gauge theories: 
one of them states that physical functions are gauge-invariant on the extremals, and the other 
requires that physical functions commute with FCC (the Dirac conjecture) (sec. 7). In sec. 2, we 
present the basic notation and definitions. 

1 Suppose that an action S\q. y] contains two groups of coordinates q and y. such that the coordinates y can 
be expressed as local functions y = y(q^,l < oo) of q and their time derivatives with the help of the equations 
5S/Sy = 0. We call y auxiliary coordinates. The action S[q,y] and the reduced action S [q] = S[q,y] lead to the 
same equations for the coordinates q, see Il4l ?]. The actions S[q,y] and S [q] are called dynamically equivalent 
actions. 
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2 Basic notation and definitions 


We consider finite-dimensional systems described by a set of generalized coordinates q = {g a ; a = 
1, 2, n}. The following notation is used: 

q a[l] = ( dt) l q a , 1 = 0,1, ..., = q a ) , d t = j t . (1) 

We recall that the space of q a ^ . a = 1, l = 0,1, ...,N a , regarded as independent variables, is 
called the jet space EH The majority of physical quantities in classical mechanics are described by 
so-called local functions (LF) which are defined on the jet space. LF depend on q a ^ , l < N a , where 
N a < oo . We often denote LF as 2 

F (g o[01 , g o[11 , g o[2] ,...) = F (s [I ) • (2) 


In our considerations, we use so-called local operators (LO). An LO Uao, is a matrix operator 
which acts on columns of LF f a producing columns Fa of LF, Fa = UAaf a ■ Such LO have the 
form 

K< oo 

U Aa = J2 U Aa ^ , (3) 

k =0 

where u Aa = u k Aa (c/H) are LF. The operator 

K< oo 

( &T ) aA = E (4) 

a k—0 


is called the operator transposed to UAa- The relation 


F A U Aa f a 



f a + dtQ, 


(5) 


where Q is an LF, holds for any LF F A and /“. The LO U a b is symmetric (+) or antisymmetric 
(—), respectively, if = FU a b- Thus, for any antisymmetric LO U a b, relation © implies 

ru ab f b = dQ/dt. 

We say that F A (gD) = 0 and Xa (9^) = 0 are equivalent sets of equations (and denote this fact 
as F = 0 x = 0) whenever they have the same sets of solutions. By O (F) we denote any 
LF that vanishes on the equations F a (q^) = 0. More exactly, we define O (F) = V a F a , where V b 
are LO. Besides, we denote via U = O (F) any LO that vanishes on the equations F a (c/Q) = 0. 
That means that LF u that enter into the representation © for such an operator vanish on these 
equations, u = O (F), or, equivalently Uf = O (F) for any LF /. 

We consider Lagrangian theories given by an Lagrangian action S [g], 

S[q}= f 2 Ldt, L = LUA , (6) 


where the Lagrange function L is defined as an LF on the jet space. The Euler-Lagrange equations 
are 


SS_ 

Sq a 


1=0 


dL 
1 dq a W 


= 0 . 


(7) 


Any LF of the form O ( SS/6q ) is called an extremal. 

An infinitesimal transformation q —> q' = q + Sq, with 5q = Sq ), being an LF, is a symmetry 
of S in case 

SL = d t F, (8) 

where F (gQ) is an LF (such transformations are called Noether symmetries). 

2 Functions F may depend on time explicitly; however, we do not include t in the arguments. 
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(9) 


Any infinitesimal symmetry implies a conservation law (Noether theorem): 

A Q 

5q a — + dtG = 0, G = P — F. 
dq a 

Here, the LF F and P are 


N a 

6L = d t F, P = J2 a J2 , Pa 

m =1 


a 

£(-*>' 


S=l 


dL 

d q a [s] ’ 


( 10 ) 


and the local function G (which is constant on the extremals) is referred to as a conserved charge 
related to the symmetry 6 q. In what follows, we call © the symmetry equation. The quantities 
Sq, S, and G are related by the symmetry equation. Here and elsewhere, we often call the set Sq, 
G a symmetry of the action S. 

Noether infinitesimal symmetries can be global, gauge and trivial. Global symmetries have 
nonzero (on the extremals) conserved charges; they are parameterized by a set of time-independent 
parameters v a , a = 1, and have the form 8 q a (t) = p^(t)u a , where p“(i) are generators of 
the global symmetry transformations. Gauge symmetries have zero (on the extremals) conserved 
charges; they are parameterized by time-dependent gauge parameters i /“(£), a = l,...,r, which 
are arbitrary functions of time (in the case of field theory, the gauge parameters depend on all 
space-time variables). Infinitesimal gauge transformations have the form 


6q a (t)=K(t)v a (t), (11) 

where the operators 3?“ (t) are called generators of gauge transformations. 

For any action, there exist trivial symmetry transformations St T q, 

Str qa = U ab ^ b , ( 12 ) 

^ / ^ \ ab 

where U is an antisymmetric LO,( U T ) = —U ab . 

Trivial symmetries have zero (on the extremals) conserved charges; see below. Trivial symmetry 
transformations do not affect genuine trajectories. Two symmetry transformations 8 \q and 82 q 
are called equivalent ( 8 \q ~ J 29 ) whenever they differ by a trivial symmetry transformation: 
8 iq ~ S 2 q -£=>• Siq — ($29 = 8 tr q. Thus, all the symmetry transformations of an action S can be 
divided into equivalence classes. 


3 Symmetry equation and orthogonal constraint basis 

We consider here the Hamiltonian formulation of a singular theory peg. The corresponding 
Hamiltonian action is denoted by Sh- We denote all irreducible constraints of the theory via 
$ = ($j (77)), where 77 = (x,p) are all phase-space variables 3 , 

rj A = (x a ,p a )i A= (a,a), a= 1,2, a= l,...,n, 

such that : q la = x a , r] 2a = p a . (13) 

We suppose that the constraints of the theory are reorganized so that they can be divided into 
FCC, x(v)i an< l SCC, <77(77). Thus, $ = (Xt<p)- The Hamiltonian action and the corresponding 
equations of motion are 


Sh [v] 


px — (77) 


dt , 77 = (77, A) , 


tf (1 ) (77) = H (77) + (77); 

< 5 Sh f 77 = {77, H^} 

8 rj \ djT) ( 77 ) = 0 


(14) 


3 In the general case of theories with higher derivatives, the space of x is larger than the space of generalized 
coordinates q , see, e.g. im 
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where H ^ is the total Hamiltonian, are primary constraints, and A are Lagrange multipliers 
to the primary constraints. 

In the general case, the Hamiltonian H and the constraints $ can depend on time t explicitly. 
We take such a possibility into account. However, the argument t will not be written explicitly in 
what follows. Using Eq. o, we can write the total time derivative of a function / ( 77 ) as 

d t f = dtf + i)d v f = +ej + (?)- {rj, H^})d v f. 

Here, e is the (formal) momentum conjugate to time t, and the Poisson brackets are defined in 
the extended phase space of the variables 77 ; t, e; for details, see [B]. 

If Sr/ — (Sx, Sp, 6A) is a symmetry of the Hamiltonian action <Sh, then the symmetry equation 
is 

r SS H n 

Sr)— - \rd t G = 0, (15) 

Sr) 

where G is the corresponding conserved charge. One can study the symmetry of the action <Sh 
by solving this symmetry equation. If Sr) is a symmetry of the Hamiltonian action Sn, then 
symmetries Sq^ (gD) of the Lagrangian action S can be obtained by writing the Hamiltonian 
symmetries Sq (17^), Sq G Sx , as functions on the jet space q^, see 0. 

For further consideration, especially for solving the symmetry equation, it is convenient to 
accept that the set of all the constraints $ is already reorganized to the special form consistent 
with the Dirac procedure; see m- We call such a reorganized set of constraints an orthogonal 
constraint basis. In this case, 

i = 1,...,K. (16) 

Such yW anc i are, respectively, the FCC and SCC of the i-tL stage of the Dirac procedure, 
while H is the number of the final stage. The total Hamiltonian is 

= H + A$ (1) = H + \y (1) + A xX (1) , (17) 

where are the primary FCC, and ip ^ are the primary SCC; A = (A v , A x ), while \ v and A x 
are the corresponding Lagrange multipliers to the primary SCC and FCC, respectively. At each 
stage of the Dirac procedure, the constraints are divided into groups: 

V {%) = (y* |s) ) , s = i,...,K v \ 

X W = (x Wa) ) , a = i,...,H x , (18) 

where and H x stand for the numbers of the final stages at which SCC and new FCC, respectively, 
still appear. We can write 4 : 

= 0 , i > ; [x (l) ] = 0 , i > tt x , H = max (H v , H x ) . 

In what follows, we often use the notation 

'V( i i s ) = A s , A x (i|o) = A“ , 

so that 

ffU) = H + A s y> (1|s|) + A a x (1|a|) ■ (19) 

The division m produces chains of constraints. All constraints in a chain are of the same class. 
One ought to say that the numbers of constraints at each stage in the same chain are equal. At 
the same time, each chain may either be empty or contain several functions. Therefore, whenever 
there exist FCC (SCC), the corresponding primary FCC (SCC) exist as well. 

4 The following notation is used: suppose that F a (rj ), a = 1, are some functions, then [ F] is the number of 

these functions, [_F] = n. Note that the brackets [] are also used to denote time derivatives (qM = (dt) 1 q) and the 
arguments of an action functional (e.g. S [q]). 
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There exist chains of SCC, 

v? ( "' |s) = (y* |s) , i = 1,s) , S = 1 ,% , 
labeled by the index s, and K x chains of FCC, 

x (...|°) = ( X (*W i = 1 ,..., 0 ) , a = 1,K x , 

labeled by the index a. The length of the longest chain of SCC is and the length of the longest 
chain of FCC is M x . The orthogonal constraint basis has the following properties: 


{ 

{ 

{ 

{ 


{ v ,<‘l»,jj + e}=*,<*MW + 0(®<-■"<>) 1 „ , = j+ , s 

X (i l“), H + e} = X (i+1|o) + O ($ ( - <} ) , * = 1,- 1, a = * + 1,..., K x , 

X (Ai \H + e) = O ($ ( - i) ) ,i = 1. 

X (i ' 0 ),S (1 )} =0 ($("*)) , * = a = l ,..., K x , 

^dkl^Ok) j = Ss^Si'S+i-jd^ + O (<F) , i < s, j <v, s,v = 1, . 


( 20 ) 


Here, $(■■■*) = $W), 

H = H + A s ^ (1|s|) , (21) 

where X s = X s (rj) are expressions for the Lagrange multipliers to the primary SCC that are 
determined by the Dirac procedure, and 9^ is a nonsingular matrix. It should be noted that the 
Hamiltonian H differs from the total Hamiltonian H W by terms quadratic in the extremals and 
by FCC: 

H (1) =H + A^ 1 ' 8 !) + A a X (1|a|) , A s = A s - A s = O . (22) 

From the properties of the orthogonal constraint basis, one can see that the Poisson brackets of 
SCC from different chains vanish on the constraint surface. Within the Dirac procedure, the group 
0 f primary SCC produces SCC of the second stage, third stage, and so on, which belong to 
the same chain, y^ 1 ! 8 ) —► yA 2 l s ) —> yA 3 l s ) —>•••—»• <^( s k). The chain of SCC labeled by the number 
s ends with the group of the s-tlr-stage constraints. The consistency conditions for the SCC ^W 
of the i-th stage determine the Lagrange multipliers A» to be A;. We stress that the consistency 
conditions for the SCC s > i, of the i-th stage produce SCC <^* +1 k) of the i + 1-th stage. 

At the same time, the group x (1 ^ of primary FCC produces FCC of the second stage, third 
stage, and so on, which belong to the same chain, \ t 1 !®) —> ^( 2 l a ) —> ;y( 3 k) —>•••—> ^( a l a ). The 
consistency conditions for the FCC x^ s \ s > i, of the i-th stage produce the FCC yh+ik) 0 f the 
i + 1-th stage. The chain of FCC labeled by the number a ends with the group of the a-th-stage 
constraints. The consistency conditions for the FCC x^^ of the i-th stage do not produce any 
new constraints and do not determine any Lagrange multipliers. Thus, the Lagrange multipliers 
A x are not determined by the Dirac procedure (or by the complete set of equations of motion). 

The described hierarchy of constraints in the orthogonal basis (within the Dirac procedure) 
looks schematically as follows: 


^dk) 

Ai 






-> <p(? |2) 

X 2 




pdiN-i) _ 

l 4- 

^ •* 

% 

1 

1 1 

-> ; ; 

-4 ^,(31^1) .. 

. ^(N-llK-1) _ 

-*■ A^-i 


pdiN) 

-» <^ 2 I N ) 


. ^(N-lIN) 


-> A^ 

x di«) 

-> X (2|N) 

X (3|H) 

. X (N-1|«) 

X («|N) 

0($) 

X dix-i) _ 

-> X (2|N-1) _ 

-> X (3|H-1) 

. X (N-1|N-1) _ 

-> 0($('"^ -1 )) 


x (1|2) 

-> ! 
x (2|2) 

-> : : 
-» 0($(-2)) 




x dlD 

-> 0($«) 
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We note that the properties of the orthogonal constraint basis are extremely helpful in ana¬ 
lyzing the symmetry equation; in particular, this equation in the orthogonal basis can be solved 
algebraically (see below). The properties of the basis allow one to conjecture (and then strictly 
prove) the form of the conserved charges as decompositions in the orthogonal constraint basis. 
For example, these properties imply that the SCC cannot enter linearly into the conserved 

charges. At the same time, one can see that only the FCC x enter the gauge charges multiplied 
by independent gauge parameters; other FCC X^ a \ a > i, are multiplied by factors that must 
contain derivatives of the same gauge parameters. 

It is also important to recall that there exists a canonical transformation from the initial phase- 
space variables ij to the special phase-space variables $ = (w, Q,fi); see 0. The variables to are 
physical, and the variables fi define the constraint surface by the equations = 0. The dynamics 
of the physical variables ui is governed by the physical action Sph [w], 

Sph [w] = <Sh|q =0 • ( 23 ) 

The variables Q are nonphysical. In theories with FCC, the actions S and Sh are dynamically 
equivalent, while are both dynamically nonequivalent to the physical action Sp h- 
In what follows, we use a set of LF, F, 

F = ($, J) = O , J = (I, A), 1 = r, - {rj, H} - { V , X (1|a|) } A“ , (24) 

for the complete set of extremals. Taking ns into account, one can easily verify that the set F is 
equivalent to the complete set of extremals SSn/Srj. We also note that the set of variables rfl, A«, 
is equivalent to the set i], jD, A a D. Further, we often use the latter variables to analyze the 
symmetry equation. 


4 Gauge symmetries 


Analyzing the symmetry equation, we prove below the following assertion. 

In theories with FCC, there exist nontrivial symmetries S^r), G„ of the Hamiltonian action 
S'h that are gauge transformations. These symmetries are parameterized by gauge parameters v. 
These parameters are arbitrary functions of time 5 and arbitrary LF of rfl , 

V = V(a)cr a (W 1 ) , 0, = 1, ■•., K x . 

The gauge parameters are labeled by an index a (the number of the corresponding FCC chain) and 
by a fine index 6 cr a that labels FCC in the chain a. The complete number of all gauge parameters 
is equal to the number of all primary FCC: 



(25) 


The corresponding conserved charge (gauge charge) is an LF, G„ = G v (77, AD,i/Q), which vanishes 
on the extremals. The gauge charge has the following representation in terms of the orthogonal 
constraint basis: 


G v = ^2 V G)X 


(a|a) 


a— 1 


K* —1 

E 

2=1 a=z+1 


E c l’ 


,(i|a) 


K* —1 

E 


E c l^" s) 


i =1 s= 2 +l 


(26) 


Here, Cf, = Cf, (77, A^, i/D) and C^ a = C% (rj, A^, are some LF, which can be determined 
from the symmetry equation in an algebraic way. The gauge charge depends both on the gauge 
parameters and on their time derivatives up to the order — 1, 


_ a= 1 m —0 

5 We have included t in the arguments of the functions v explicitly, in contrast to other cases, to emphasize this 
dependence. 

6 Sometimes, the fine index cri is omitted, but summation over the index i always assumes the summation over 
<Ti as well. 
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Here, G° n (r], A^) are some LF. The total number of independent gauge parameters, together with 
their time derivatives that essentially enter in the gauge charge, is equal to the number of all FCC: 


I> M ] = W- (28) 

m —0 


The gauge charge is the generating function for the variations Srj of the phase-space variables: 

6 v r] = {ri,G v } = {ri,r] A }-^. (29) 

(Note that the Poisson bracket in acts only on the explicit dependence of the gauge charge 
of r/ .) Therefore, the total number of independent gauge parameters, together with their time 
derivatives that essentially enter in the variations S v r], is also equal to the number of all FCC. The 
variations <5„A contain an additional time derivative of the gauge parameters, namely, they have 
the form 

w=EE t >!:) ] . ( 3o ) 

a=l m=0 

where T a m = T a m (r], AD) are some LF. 

The above assertion is proved below. At the same time, we present a constructive procedure 
of finding the gauge transformations, based on solving the symmetry equation in terms of the 
orthogonal constraint basis. 

Consider the symmetry equation 03- Taking into account the action structure ni and the 
anticipated form E3 of the variations Sr], we rewrite this equation as follows: 

HG - A° {y (1|Q|) , G} - A a {^ 1 l*D, G} = ^ 1 ' S ^A S + x (1|Q|) ^A a , <5A S = «5A S - {A s , G} , (31) 


where the operator H is defined on any LF F(r ], A^, v^) as 


HF = {F,H + e} 


dF 


^[m+l] 


dF 


,[m+1 ] 


(32) 


d Al m l <9zA 

Let us try to solve equation m with the gauge charge G v of the form W- Thus, we obtain 
the following equation for the LF C, = (cf^ s , G,^ o j: 


Hv-l 


53 ( c * [$ (i+1) +0 ($<"•<))] +$ (i) [hC, - A°{x (1|o|) ,C , i} - A fl {^ 1|s| ),Ci}]) 


■n» =^ 1 H)M 5 + x (1W) <5A°, 


(33) 


where 


n Nx = 53 [z° + x Ha) dt] v { a), Z a = Hx C ° |a) —A b {x ( 1 | 6 |) ,X (a|a) } — A s {^ ( 1 |s l),x( 0 ' o) } = O ($ ( "- a) ) . 


a— 1 


Considering equation (El on the constraint surface 1 -* = 0, we obtain 

+ i/ (Hx )K$ ( ^ } + = 0 


with allowance made for the relation 

zN *ls(-Hx-d=o = 0 ($ ( ** ) ) = • (34) 

where k is a matrix with elements that are LF. Therefore, we can determine Cn x -i as linear 
combinations of V(n x ) and z/j^ , to obey the latter equation. Substituting thus determined Cn x _i 
into El, we arrive at the equation 


53 [C 4 [$ (l+1) + O + $®[HCi - X a { X (1|a|) , C x j - A s {^ 1 I s D, CJ] 

i— 1 

+ n^-r = p (1|s|) <5A s + x (1|o|) <5A a , 
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(35) 











where 


K v -1 


n 


Nv-l - 


E [ za +^ a)d ] + E ME > = o ( $( - N *" 1) ) • 


a=l 


k=0 


Considering equation on the constraint surface <f>( ' Nx 2 ) = 0 , we obtain 

c* x _ 2 $m + i , ( W ^x^" 1 '^ 


"(n x -i)^ N * 1 + E' 


..[*] 

(«x) 


fc =0 


= 0 . 


(36) 


®(-«X- 2) =0 


By analogy with we find that all matrix LF Z^ x 1 and </>/- are proportional to the constraints 
Therefore, we can determine Ck x -2 as linear combinations of ^(h x -i)j _ 1 p and 

V(n x ), )> ^[k ) to °bey Eq. 1,361) . Proceeding in the same manner, we determine any Cj as the 
following linear combinations of the gauge parameters and their time derivatives: 


a—i 

Ci = E E M3 

a=i -\-1 ra=0 


(37) 


Here, = Sf m ( 77 , A^) are some LF. 

In addition, we can see that 

C v = O(r). (38) 

Indeed, Eq. follows from the relations (we recall that symmetry variations of extremals are 
proportional to extremals) 

<fy( s +i-i| s ) = 0 (r) = {<^ (s+1 - i|s ) ;Gi/ | =C , j v |’ s {93 (5+1 - i|s ) )(p (ih)J + 0 ($) ) 

with allowance made for CT . 

Finally, we conclude that the gauge charge G v has the following representation: 


G v = E E • (39) 

m= 1 a=m 

Here, G ma = G ma (?y, AD) are LF of the form 


H Y 


Gma = EE x (fe|b) c fe T + o (r 2 ) = o (x) + o (r 2 ) , 


(40) 


k— 1 b—k 


where C^ a = C‘j^ ) a ’(r], A^) are some LF. Then the form of the variations 5„r] follows from m, 




Hy Ry 




nma [m— 1] 
L kb "(a) 


o (r). 


(41) 


, k=l b=k / \m=l a=m } 


After substituting the obtained functions C, back into equation (1551) . its left-hand side turns 
out to be proportional to primary constraints. Since these constraints are linearly independent by 
construction, we can find all the variations 5 U A from this equation. Their general structure is given 
by Eq. (J3DJ). In particular, one can see that 


<U“ = E MS + °("U) < j )> (42) 

6=1 

where V ab = V ab (r ), A^) are some LF. Note that the LF G ma and (as well as C^° and V ab ) do 
not depend on the gauge parameters and are, in this sense, universal. 
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The matrices C and T> are nonsingular. Indeed, as was demonstrated in m , they are constant 
matrices of the form 

= 6 b ,aSm,b-k+l , V ab = S a>b 

in the quadratic approximation. Since these matrices are nonsingular in the quadratic approxima¬ 
tion, they are nonsingular in the exact perturbative theory at least in a vicinity of the consideration 
point, which can be chosen as the zero point of the jet space of rfl. 

The gauge charge and the variations S^rj essentially depend on all gauge parameters and their 
time derivatives , m = 0 , ..., a — 1 , a = 1 ,..., K x , while the variations 5 v \ a essentially depend 

on all derivatives z/M. Indeed, 

|%r = v(a ~ mla) + °^ m = 

dv U 

^p- = S a , b + 0 ( V ) , a,b = 1 ,..., H x . 

d it?) 

As one can see from the structure of the gauge charge (in the special phase space variables 
$ = (u>, Q, f2); see fjj), the gauge transformations, taken on the extremals, transform only the 
nonphysical variables Q and A a . 

Below, we are going to study the structure of arbitrary symmetry of the general Hamiltonian 
action 5 h- In particular, we prove that, with accuracy up to a trivial transformation, any gauge 
transformation can be represented in the form <n?gii - m . with the gauge charge m . 


5 Structure of arbitrary symmetry 

We prove below the following assertion. 

Any symmetry St], G of the Hamiltonian action Sh can be represented as the sum of three 
types of symmetries, 

2)-(£M&M£)- <«> 

such that: 

The set 5 c r), G c is a global symmetry, canonical for the phase-space variables ?y. The corre¬ 
sponding conserved charge G c does not vanish on the extremals. 

The set S^r], Gp is a gauge transformation presented in the previous section, with fixed gauge 
parameters (i.e., with a specific form of the functions v = D(t,r]^)) that do not vanish on the 
extremals (in what follows, we call such a symmetry a particular gauge transformation). The 
corresponding conserved charge Gp vanishes on the extremals, whereas the variations SpT] do not. 

The set <5t r ^7, Gti is a trivial symmetry. All the variations St r rj and the corresponding conserved 
charge G tr vanish on the extremals. The gauge charge G tr depends on the extremals as G tr = 
0(T 2 ). 

Below, we prove the above assertions and present a constructive way of finding the components 
of the decomposition ©• The procedure can be divided into the four steps: 


5.1 Constructing the function Gj(v) 

Supposing that Sr], G is a symmetry, and taking into account the structure of the total Hamiltonian 
11221 . we can write the symmetry equation C3 as 


S^E- 1 ! - ^( 1 ' S I^A S - A s <M 1|s|) - X (1|a|) 6A a + dkG = 0, 5A S = <5A S 



(44) 


In our consideration, we use the set of variables r), jD, A 0 ^, see sec. 3. We denote via Sjr), G'j the 
corresponding zero-order terms in the decomposition of the quantities Sr], G with respect to the 
extremals jQ, 


( Sr]\_( Sjr] + 0{J) \ 

V G y ^ G’j + B m jW + 0(J 2 ) ) ’ 


(45) 
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where Sjrj —5jri(r], A Q 0), G'j = G'j(r], A a d), and B m = B m (r 7 , A a D). We then rewrite equation 1441) . 
retaining only the terms of zero and first order with respect to the extremals jQ. Such an equation 
has the form 

SjvE- 1 1 - x ( 1 |a|) (5jA a = -HG'j + {x (1|a|) , G’j] \ a + A^H), G'j} 

+ { 77 , G'j} E- 1 ! - J [m] HB m + A a {x (1|a|) , £ m } J [rn] - + 0($r) . (46) 

Contributions from the terms JA S and A S &^ 1 I S I) are accumulated in 0(<I>r), and the operator 
H is defined by 

Analyzing the terms with the extremals jd (starting from the highest derivative) in Eq. iHfil) . 
we can see that B m = 0(4>) for every m. Considering then the terms proportional to I in Eq. 
m . we get the following expression: 


6jr, = { V ,G'j} + 0($) 


for the variations Sjrj. We then see that 


{*,G'j} = 0(*) (47) 

with allowance made for the relations 

<54» = O(T) =► 5j<f> = 0(4>) = {$, G'j} + 0($). 

We can check that {x, Gj} are first-class functions, which implies that 

{x, G'j} = O(x) + 0(d) 2 ). (48) 

Considering the remaining terms in Eq. iTTOl) . we get the equation 

X (1|a| )(5jA a = HG'j + A a |x (1|a|) , Gj} + 0($ 2 ), (49) 

which relates 5j\ a and G'j. This equation allows us to study the function G'j in more detail. To 
this and, we rewrite the equation as 

r)C 

{G'j, S + e} + ^ A-^+fi = O(x) + 0(4> 2 ), 

taking into account and B% 1 > . Analyzing terms with the Lagrange multipliers A^ (starting 
from the highest derivatives) in this equation, we can see that these multipliers can enter only the 
terms that vanish on the constraint surface. For example, considering the terms with the highest 
derivative A^ +1 ^ in the latter equation, we obtain 


g^T } = O(x) + 0(<h 2 ) =► G'j = G'j{■ ■ • A a [ M-1 l) + O(x) + 0($ 2 ). 

Similarly, we finally conclude that G'j has the structure 

G’j = Gj(rj) + O(x) + 0(4> 2 ) = Gjfa) + B xX + 0(4> 2 ), (50) 

where B x = B x (ij, A a ^). For the function Gj , we obtain 

{<P, Gj} = 0(4>), { X , Gj} = O(x) + 0(d> 2 ) (51) 

with allowance made for iTITti and (EH) . 

The relation 

SA = O(r) =► SjXs - {A s , Gj + B xX ) = O(T) = 0(4>), 

defines the variations Sj A s , taken in the lowest order with respect to the extremals. 

In addition to relations ED, the function Gj{rf) also obeys 

{Gj,H + e} =0(x)+0(4> 2 ) (52) 
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Thus, the above consideration allows one to represent a refined version of the representation 

(TTTjI) 


( Sg \ 


( {77, Gj + B x x} + o(r) \ 

5X S 


{A S) Gj + B x x} + O(T) 

SX a 


SjX a + O(J) 

V G ) 


\ Gj + B xX + o(r 2 ) / 


where SjX a = 5j\ a (r/, A b ^). 


5.2 Constructing the function Gr(v) 

We now select from the function Gj a part Gr that does not vanish on the constraint surface: 

Gj (v) = Gr (r?) + G 1 (77) , G r = Gj|* =0 . (54) 

The function G\ vanishes on this surface. Certainly, this decomposition is not unique. We fix the 
procedure of such a decomposition in the special variables 1 !) = (u, Q , fl). To this end, we write 

Gj(rj) = Gj (tf) =g(u)+ gi (w, Q)Q + 0(ty . (55) 

Considering the second relation of ED in the special variables, we can see that the function 
g 1 (ui, Q ) must be zero. Moreover, the last term O (Q) in (15511 can be specified to have the form 
O (f l) = O (V) + O (fl 2 ). We define Gr (77) as 

Gr (t/) = 3 M • (56) 


Then, 

Gj( 77 ) = G r ( 77 ) + Gr( 77 ), Gr(r 7 ) = 0( X ) + 0 ($ 2 ), 

and, therefore, 


G = G r ( 77 ) + 0(x)+0(r 2 ), 

HG r = O(fc), W, G r } = 0(4>), ( X , G r } = 0( X ) + 0(<h 2 ), (57) 

in virtue of ED- 

We now define the variations Sr?) as 

Srv={v,G r }, S r X s = {A s ,G r } , <5 r A a =0. (58) 

5.3 Constructing the global canonical part of a symmetry 

The set <5r77, Gr is an approximate symmetry of the action Sh- Indeed, it obeys the equation 

Sm^- + d t G r = 0(x) + 0(T 2 ). 
or] 

However, this approximate symmetry can be modified to become an exact symmetry 5 c r], G c , such 
that 

d c r, = { 77 , GJ , G c = G r + O (y) + O (4>T) . (59) 

To justify this assertion, we are going, first of all, to demonstrate that the symmetry equation has 
a solution with G c of the form 


Gc=G r+ y y cjyi-' + y y cjy'w 

i= 1 a=i -\-1 


i— 1 s=i+l 


Gi = (cr is ,Cf la )=C i ( V , AD). 


H —1 

Gr + ^ C,,¥ j) , 

1=1 


In the case under consideration, the symmetry equation J3D can be rewritten as 
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HG C - A a { X (1|a|) , G c ) - AsW Wsl) , G c } = v {llsl) S c As + X (1|a|) <U Q , 5 C A S = «5 C A S - {A s , G c } , 
and then transformed to the form 


K-l 


Y (Ci $ (i+1) + O ) + § {i) HCi + A = ^ (1 l s|) 5 c A s + x (1|a|) <5 c A a , 

i= 1 

A = HG r -A a {x (llal) ,Gr}-A s {<p (llsl) ,G r } = 0( X )+0($ 2 ) , (60) 


by using <53- Equation mt can be analyzed by analogy with equations <1331) . For example, on 
the constraint surface = 0, we obtain 


Ch_i$ ( n) +a w -F (N) = 0, a (N) $ (K) = A| $( .. 

We can choose Cn-i = — a^ H K In the same manner, we can find all the coefficients C. After 
substituting these coefficients back into equation m, we can see that its LHS is proportional to 
and, thus, the variations S C A can be found. The coefficients C and the variations 5 c i) have 
the properties 

Ci lc r =o = ^c^lG r= o = 0 . 

In addition, the relation 5 c ip = O(T) = {(/?, G c } implies C* = O(r). Therefore, the charge G c 
has the structure 


G c = G r + O (x) + O ($T) . 


(61) 


Note that, in general, the charge G c depends on A^ if the Dirac procedure has more than two 
stages, i.e., N > 2; see examples in the Discussion. 

5.4 Constructing the gauge and trivial parts of a symmetry 

At this stage, we represent the symmetry Srj, G as 

Srj = S c r] + 5 r r ), G = G c + G r . (62) 

Since S c r], G c is a symmetry, it is obvious that S r rj, G r is a symmetry as well. With the help of 
Eqs. iTHT) and (IHT1) . we can prove the following relations: 

Gr = EE%x (i|a) +o(r 2 ) , 

2 — 1 a=i 

SrV = E E { ? ?- X (i|a) } K i\* + O (r) , (63) 

2—1 a=i 

where K^ a = K^ a ^?), A|^ are some LF that do not vanish on the constraint surface. 

In turn, we represent the symmetry 5 r rj, G r in the form 

S r r) = 5^7) + 5t r r ), G r = Gp + Gt r , (64) 

where the set <5 p r/, Gy is a particular gauge transformation with specific gauge parameters, 

"(a) = "(a) = K a\a » (65) 

which do not vanish on the constraint surface. This implies 

Gy=0(x)+0{T 2 ) , Syrj = { V ,Gy} . (66) 
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From Eqs. m it follows that 5 tr ri, G tr is a symmetry with the conserved charge of the form 


N v -1 K v 


Gtr = G' tI + o(r 2 ) , c; r = E E 


(i|a) 


2=1 a=2+l 


We can show that <5tr r 7j Gtr is a trivial symmetry. To this end, we can write for the symmetry 
du-f], Gtr the decomposition of the form (moll . taking into account that B m = 0(d)), 


( <+tr \ _ ( fitrJV + 0(J) 

1 Gtr ) \ G' tlJ + 0(J 2 ), G( rJ = G[ t + 0($ 2 ) 


(67) 


Here, S tr jT) =<5 tr j+?7, A\) and G[ rJ = G' tlJ (r], A*). All the relations that take place for the quan¬ 
tities Sjr], Gj hold for the quantities 5t r jrj, G( rJ as well. In particular, the charge G( r obeys the 
equation 


X (1|o|) <SteA° = HG' tI + X a {x (1|o|) , G( r } + 0($ 2 ), 

5ir A Q = Jtr A° | r=0 = <5tr jA° + 0($) , (68) 

which is similar to (03- Equation (IHHI implies 


i ^x 

E E (x^^^ila + ^ilalX^^+O^"' 0 )]) =X (1|s|) ^ r A s + 0($ 2 ) 

2—1 a— 2+1 

for the LF AW , a = i + 1,...,N X . Considering the latter equation on the constraint surface 
<j>(- —!) = o, we obtain 

K* x -m x X { * M = 0(d) 2 ) => K* x _ mx = O(d)). 

Substituting the above expression for AA _!|k x into and considering the resulting equation 
on the constraint surface <J>6-- N x- 2 ) = o, we obtain AT^^_ 2 |h x = 0(d>), and so on. Thus, we can see 
that A'j| a = O(d)), a = i + 1,..., +, and therefore 

Gtr = 0(T 2 ). (69) 

It follows from PI) that 

X (1|a|) +A a = 0($ 2 ) =► +A a = 0(d>) =► 5 tl .\ a = O(T). (70) 

By construction, the transformation <5 tr j is completely similar to Sj. Therefore, relation (ED 
holds for this transformation and implies 

S tljV = { 77 , G( r } + O ($) = O(d)), <5 trJ A s = {A s , G( r } + O ($) = Q($). 


Therefore, 

M = 0(T), <5trAs = o(r). (71) 

In the following section, we show that any symmetry of a Hamiltonian action that vanishes on 
extremals is a trivial symmetry. Therefore, relations PI) ED prove that the symmetry <+?7) G tr 
is trivial. 

We can also prove that the reduction of symmetry variations Sui to the extremals yields global 
canonical symmetries SphW of the physical action with the conserved charge g(ui) that is a reduction 
of the complete conserved charge to the extremals. In addition, any global canonical symmetry 
<5 p hW, g(u>) of the physical action can be extended to a nontrivial global symmetry <5 C T7, G c of the 
Hamiltonian action Su- Therefore, classes of nontrivial global symmetries of a singular action are 
isomorphic to classes of nontrivial global canonical symmetries of the corresponding Hamiltonian 
action. At the same time, these classes are isomorphic to classes of nontrivial global canonical 
symmetries of the corresponding physical action. 
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6 Trivial symmetries 

In this section, we are going to prove that any symmetry of the Hamiltonian action that vanishes 
on the extremals is a trivial symmetry. First, we prove this assertion for a nonsingular Hamiltonian 
action, and then for the general singular case. 


6.1 Nonsingular case 


We recall that the Hamiltonian action Su of any nonsingular theory has the canonical Hamiltonian 
form 

Sh [rj\ = J \px - H ( 77 )] dt , = 0 =>• f) = { 77 , H} . (72) 

Eqs. 17211 follow from HJ in the absence of constraints. Below, we are going to prove that: 

Symmetries of the canonical Hamiltonian action that vanish on the extremals are trivial sym¬ 
metries. 

To prove this statement, we note that any symmetry Sr 7 , G of the Hamiltonian action Sh has 
to obey the symmetry equation 

^-S V + d t G = 0. (73) 

orj 

To analyze the symmetry equation urn we are going to use, instead of the variables r/D, the 
equivalent set of variables 77 , F^; see the comments in the end of sec. 3. Here, 


_ SSb _ 1 B V AB _ ( A B \ p-l V BC __ cC 

Fj4 _ ~ EabV drj 1 ’ E - I 7 ! S ' E AB E ~ °A ■ 

In terms of the new variables, the total time derivative of any LF F ( 77 , T^) reads 

d 4 = d t F + e ab (r b + ^L)^ + ^r^ 11 — 


dt 


dr] B J drj A 


k=0 


dT 


(74) 


(75) 


A 


and the symmetry equation takes the form 


{c, h + a +( &,* ++£ n 4 ‘ +,| || r =0. 


(76) 


Let us now suppose that a symmetry Sri vanishes on the extremals, i.e., Sr/ = O (T). Represent¬ 
ing the charge G as 

G = Go + G x , Go = G | r=0 = Go (77) , Gi = £ B A (77) + O (r 2 ) , 

m =0 

and considering the terms of zero and first order with respect to the extremals only, we obtain 
from (T7T>1) 

{Go, H + e} = 0, ^E ba T a + £ [{B a ,H + e}~ B A d t ] T l ™ ] = 0. (77) 

T ' m =0 

Analyzing the terms with the extremals I'H (starting from the highest time derivative) in the second 
equation m we can verify that all functions B A are zero. This fact implies that <9 t Go = 0. Indeed, 

BC 1 

B A =0=>-^ = 0=^{Go, H + e} = {G 0 ,e} = dtG o = 0. 

Taking into account that, in fact, the charge G is defined up to a constant, we can assume Go = 0. 
Thus, for any symmetry Sr/ that vanishes on the extremals, the corresponding conserved charge 
also vanishes on the extremals and has the form G = Gi = O (T 2 ) . 

Let us represent this charge as follows: 

N <00 

G = £ gi rjT 1 , (78) 

m =0 
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where g ^ = g^ ( 77 , r^) are some LF. Substituting the representation E3 into El, we obtain the 
equation 

AT+l 

E f™ rl A ] = 0 > (79) 

m—0 

where 

fo = Sr l A + dtgo ; ft = 9m—l + dtgt , m = 1,..., N ; ffi +1 = g% . (80) 

The general solution of equation ra reads 


JV+1 

ft = E V ffi [ B ] , (81) 

m=0 

where LF V^ AB = (? 7 , rD) are antisymmetric, = ~V A ,t • Relation ItTTl) implies for the 

functions g£ the following expressions: 

N-k N +1 

g A = - E M*) s E Ci.Jb 1 • (82) 

s=0 m—0 

Then Eqs. 18()r> - (18211 determine Srj to be 

,5r ? A = {7 AB r B = C/ AB |E ) 

or)* 5 

N-\-l AB 

U AB = E (“ d ‘) m <! &)* , (tl T ) = ~U AB , (83) 

m,k—0 

where G AB is an antisymmetric LO. Expression (P| implies that <5^ is a trivial symmetry of the 
action Su ■ 


6.2 Singular case 

We consider here the general case of a singular theory. We are going to prove that the symmetries 
of the corresponding Hamiltonian action that vanish on the extremals are trivial symmetries. 
First of all, we recall that: 

a) The Hamiltonian action 5 h [0] of a singular theory (in the special phase-space variables 
0 = (u>, Q, SI)) has the following structure: 


Su [0] = S ph M + S non _ ph [0] , 0 = (0, A) , 
Sph M = / [w p w x - H p h (w)] dt , 


Snon-ph [0] = / VQ + U p U x - -ffnon-ph (0) dt , 


(84) 


where 


H n on— ph (0) = Xvr {1) + A uU {1) + ( Q {1) A + QV -lB + coC)P < 2 -> 

+ 7?( 2 -)_Dp(2-) + -p(2...) EU (2...) + G jj{2...) + q ^3) _ ( 8 5) 

and A, B, C,E and G are some matrices (see 0). We recall that the variables uj are canonical 
pairs, lo = ( lo x ,lo p ), of physical variables; the variables Q are nonphysical coordinates; and the 
variables Q define the constraint surface by the equations fl = 0. At the same time, the variables 
fi are divided into two groups: S4 = (P,U), where U stands for the complete set of SCC (they 
consist of canonical pairs U = (U x , U p )) and V denotes the complete set of FCC. The momenta V 
are conjugate to the coordinates Q. The special variables can be chosen so that Q = (f) 6 ), fil 2 ---)) , 
where fiR) are primary and A are secondary constraints. Respectively, — (V^\ U^), 
fi( 2 -) = (p( 2 -),[/( 2 -)); V =('p( 1 ),p( 2 -)), U = (GW,GP-)); are primary FCC; P< 2 -) are 
secondary FCC; U 6 ) are primary SCC; are secondary SCC. 
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b) One can prove that the special phase-space variables can be chosen so that the quadratic 
part of the non-physical part of the total Hamiltonian takes a simple (canonical) form (see !T5j): 

/a —1 

H a on— ph = H Q (i|Q) ^ (j+1|a) + \ a V V^ a) 

a =1 \i= 1 

+ XuU W + [/(2-) FC /(2...) + Q (#3) ( 86 ) 

Here, {Q,V) = (Q^ l°),'pbl°)) ( \ v = (,\“) , a = 1,...,K X , i = 1,a , and F is a matrix. 
We recall that is the number of stages of the refined Dirac procedure (see m and sec. 3) 
that is necessary to determine all independent FCC from the orthogonal constraint basis. We 
call such special phase-space variables the superspecial phase-space variables. In the superspecial 
phase-space variables, the non-physical part of the Hamiltonian action can be written as 

q _ cO _i_ nint 

*^non-ph *^non-ph ' ^non-ph » 

VAQ + Y P (i|i) Q (i|i) + UBU 

2=1 


o° 

^non- ph 


dt, SZ t n - ph = 0^ 3 ) , (87) 


where A and B are first-order LO with constant coefficients, and 

fi=(A£, Q (i|Q) , « = 1,..., a — 1, a = l,...,N x ), U = (\ u ,U). 

It is important to stress that [Q] = [V] , due to the fact that [A-p] = [V^] . One can see that there 
exist LO A -1 and such that 


AA" 1 = A _1 A = 1, BB- 1 = B^B = 1. 


Proceeding to the proof of the statement, we consider the Hamiltonian action Sh in the 
superspecial phase-space variables. The equations of motion that follow from this action have the 
form 


SSh 

m 


= o 


XQ int 

U = B~ l non ~P h 

SIA 


oint 

^non-ph 


SS H 

8Q 


= 0 


V = - 


^-1 6S™_ ph 


5Q 


O (tf 3 ) , 


8Sh 

5V 


= 0 


Q 


-A " 1 





( 88 ) 


These equations allow one to express all the variables U 1 V, and Q as some LF of u> and Q^ l \ 
at least perturbatively. Note that, in any case, the exact solution of equations JHHJ has the form 
U = V = 0, Q = ip {uj, , where -0 is an LF of the indicated arguments. Therefore, the 

variables U, V , and Q are auxiliary ones; see mm Excluding these variables from the action 
Sh, we obtain a dynamically equivalent action Sh [w, . Taking into account the fact that 

U = V = 0 => H = 0, and relation 12.‘3f) . we obtain 


Sh 



Sh 


U=V=0,Q=ip 


S p h M • 


(89) 


One ought to keep in mind that equality <ESt does not imply the dynamical equivalence of the 
actions Sh and S p h (and, therefore, equivalence of Sh and S p h); see jS.. 

Let a transformation 8i9, S A, vanishing on the extremals of Sh, be a symmetry of the action Sh 
. Consider the reduced transformation 6u>, SQ^ l \ 


(5u;jQ m )= (M,8\)\ u =v=o,q=i, 


Obviously, the reduced transformation vanishes on the extremals of the reduced action Sh and is 
a symmetry transformation of the action Sh- This implies 


Sco = rh 


SS, 


P h 


Soj 


sqW) = (h 


SS, 


ph 


Su 


(*I0 
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where rh and h are some LO. The transformation Saj is obviously a symmetry transformation 
of the nonsingular action 5^ that vanishes on its extremals. Therefore, according to the asser¬ 
tion that was proved in the previous subsection, rh is an antisymmetric LO. Thus, the complete 
transformation 6u>, SQ^ can be represented in the form 


f Sui 

V SQ (l) 


= M 


ss H 

SS H 




Here, obviously, M is an antisymmetric matrix. 

Finally, the transformation 5u>, 6Q^ 1 ^ is a trivial symmetry of the action This implies that 
the extended transformation is a trivial symmetry of the extended action Sh, according to the 
general statement presented in j!5]. 


7 Physical functions in gauge theories 

Despite a functional arbitrariness in solutions of the equations of motion for gauge theories, such 
theories can be used to describe physics. To ensure the independence of physical quantities from 
the arbitrariness inherent in solutions of a gauge theory, one imposes restrictions on a possible 
form of physical functions that describe physical quantities. 

It was demonstrated (see JBJ) that physical LF A p h (r/D) in the Hamiltonian formulation (we 
recall that 77 = ( 77 , A), r] = ( q,p )) have the following structure: 



where % stands for the complete set of FCC in the theory, and a ( 77 ) is a function of the phase-space 
variables that obeys the following condition: 

(a, X } = 0($). (91) 

We are going to call conditions TO the physicality conditions in the Hamiltonian sense. It is 
precisely in this sense that one must understand the usual statement that physical functions must 
commute with FCC on extremals. In fact, these conditions of physicality are those which are 
usually called the Dirac conjecture. 

On the other hand, it is known that physical functions must be gauge-invariant on the extremals; 
see, e.g., Let 5 v r] be a gauge symmetry of the Hamiltonian action. Then, the gauge variations 
of the LF H p h (r/H) must be proportional to the extremals: 

■Mph (•?") = O . (92) 

Such a condition will be called the physicality condition in a gauge sense. Until now, it has not 
been strictly proved whether the two definitions p)j). m and TO are equivalent. Using the 
structure of arbitrary gauge transformation established in Section 4, we are going to prove below 
an equivalence of these two definitions. 

Let an LF H p h (ry^) be physical in the Hamiltonian sense, i.e., it obeys TO and (TO . Consider 
its gauge variation Such a variation has the form 


6„A ph = 6„a(v) + o(j^) . (93) 

Here, we have used the fact that gauge variations of extremals are proportional to extremals. Taking 
into account PI and TO . we can see that the variation t>„a p h is proportional to extremals: 

Sa = {a, G u } = O ({a, y}) + O ■ 


Then condition TOi implies 
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Let an LF A ph (ryD) be now physical in the gauge sense, i.e., it obeys PI). We can always 
represent any LF of r/D in terms of a function of the variables rj and a| = (A a D) and a function 
proportional to extremals of the type J (see Thus, one can always write 

AphfV 1 ) =/fa,AD)+0(J). (94) 

The condition with allowance made for and (1HT71) . implies the equation 


^max 

{/> G v } + ^2 

m —0 


df 

Q\a[m\ 


5„\ a W = o 



(95) 


for the function /. We recall that the variations S u X a are given by expression lTT21l . Let us consider 
such terms in the LHS of (l95ll that contain (proportional to) the highest time derivatives 
of the gauge parameters V( a ). Since the gauge charge does not contain such derivatives (see (TTHll l. 
these terms have the form 


E 


a,6=1 


df 


[6+TU m ax] 
U U (b) 


= o 



(96) 


and are proportional to extremals due to (ESQ) . In turn, implies the relation 

d f =o( S *L) 

<9Aa[m max ] y fir) J 

due to the nonsingularity of the matrix T>. Similarly, we can verify that on extremals, the function 
/ does not depend on the variables A*, i.e., 


/(? ? , AD) = a(r?) + o(E^ . 


(97) 


Therefore, a physical (in a gauge sense) LF A p h (t^) must have the form 11101 ) . Considering equation 
to for such a function, and taking into account (PI, we obtain 


which implies 


{a,G v } = 0 


(SSh\ 

\ Sr, ) 






'X J 'x \ / 4 'x J 'x 

EE EE 

ik=la—kj \ m=l b=r, 


{a, x (fe|o) } = O ( — 


■'ka "(b) 


\ 


(98) 


(99) 


Taking into account the facts that the matrix C is invertible, the gauge parameters v are arbitrary 
functions of time, and thus all are independent, one can derive from relation 


{a, x} = O 


f SS H 

V 


{a, x} = Of$). 


( 100 ) 


Relations ESJ, (EZl and drum imply that an LF A p h (r^) which is physical in the gauge sense is 
physical in the Hamiltonian sense as well. Thus, the equivalence of the two definitions of physicality 
condition is proved. 


8 Examples 

I. As an example of how gauge symmetries can be recovered from the constraint structure in the 
Hamiltonian formulation, we consider a field model which includes a set of Yang-Mills vector fields 
, a = 1, ...,r, and a set of spinor fields -0“ = (^>f, i = 1,..., 4) , 

s = Jcdx,c = -\g^ v g^ + - Vb !>,$), 

G% = d,A a v - - iTS p A% , ( 101 ) 
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where V is a local polynomial in the field, which contains no derivatives. The model is based on a 
certain global Lie group G, 


( x) P exp ( iv a T a ) ip{x), g G G, v a , a = 1, r, 

T a = T+ , [T a , T b ] = if c ab T c , /*,/£ + ftfl a + f*JZ b = 0 . 


For V = 0, the action is invariant under the gauge transformations {v a = v a (x)) 

SA]l = D;y , Sip = iTai,v a , D; b = . (102) 

We assume the polynomial V to be such that the entire action (ITOTI) is invariant also under the 
transformations cm. Below, we relate the symmetry structure of the model to its constraint 
structure. To this end, we first reveal the constraint structure. 

Proceeding to the Hamiltonian formulation, we introduce the momenta 


POa = 


dC 


— 0 , Pia — 


dC 

dA ia 


— G i0 , Ptjj — 


8 r C 

dip 


■ t o d r C 

= , P$ = —— = 0 • 

dip 


Hence, there exists a set of primary constraints dA 1 ) = \Xa\<Pa,(7 =1,2 J =0, where 

( 1 ) ( 1 ) -70 ( 1 ) 

Xa ~ POa , <Pl '= Pip ~ IV7 , P2 = PP ■ 

The total Hamiltonian reads H M = J TiP^dx, 


^ (1) = \p\a + \g% - + A 0a (D» bPib - ^°T a iP) + V + A“ X « + • 

By performing the Dirac procedure, one can verify that there appear only secondary constraints 

xi 2) = o, 

^ (1) } = 0 =► xi 2) = D? bPlb + i {p^T a iP + n f a p >) , (T a )“ = — 7 ° (T a *)“ 7° ■ 

All constraints are of second-class, and all constraints x are of first-class. It turns out that the 
complete set of constraints already forms an orthogonal constraint basis, namely, 

¥ ,(1|1) S¥ ,(1) )X (1|2) SX (1) }X (2|2) SX (2) | 

and there are no constraints yA 1 ! 1 ), 

-> A 

x (l|2) x (2|2) 0($ ) • 


According to the general considerations, we chose the gauge charge in the form 


G = 


-°xi 2|2) + c™xi 1|2) 


dx, C a 


(c a b P+d a b P) . 


Solving the symmetry equation, we obtain C a = v a — v c A ob fp b = D^ b v b . Thus, 

G = J [ Ptia D% a v b + i {pPT a ip + p$T a ip) u a ] dx , 

SA“ = { Al , G} = D» b v b , Sip = {ip, G} = xT a ip v a . 

II. Below, we represent a gauge model in which the gauge charge must be constructed with the 
help of both FCC and SCC. 
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Consider a Hamiltonian action S'h that depends on phase-space variables qi,Pi, i = 1,2, and 
x a ,TT a , a = 1,2, and on two Lagrange multipliers and X p , 


S'h = 


PiQi 


ji + 7 r a x a - dt , + V 


+ Xi 7 r 2 + ^p 2 + + 91P2 + A^i + A p pi, V = aqgf. 


(103) 


In what follows, we denote all the variables by Tj = (x,Tr,q,p,X) . The model has two primary 
constraints 7Ti and p\ . One can consider V as the interaction Hamiltonian. It is easy to verify that 
a complete set of constraints can be chosen as x = and ip = (qi,q 2 ,pi,p 2 ) ■ Here, \ are 

FCC and <p are SCC. As was already mentioned, gauge symmetries of the action Sh have gauge 
charges that must be constructed with the help of both FCC and SCC. To demonstrate this fact, 
let us try to solve the symmetry equation with the gauge charge that is proportional only to FCC. 
The general form of such a charge can be written as 


G = A a Xa 


(104) 


Here, Xa , a = 1,2, are FCC, 

Xa = Tr a + il>a + 0(rf), 4> a = ip a (q 1 p) = 0(q 2 ,qp 1 p 2 ), (105) 

and A a are some functions of the form 

A a =AS+A^(rj0) + O(rj 2 ), (106) 

where Ag are some functions of time only, 7 and A“ are certain linear LF of the indicated arguments. 
Thus, 

G = Go + Gi + 0(J7 3 ), G 0 =A a 0 n a , G, = A^ a + A a l7 r a . 

The symmetry equation in the case under consideration reads 

4 G + {G, i? (1) } = O ($ (1) ) , 4 =dt + A^ . (107) 

Considering this equation in the zero and first order with respect to the interaction V, we obtain 

4g 0 + {G 0 , H^} = O (<& (1) ) , (108) 

4Gi+{G 0 , H} + {Gi, H^} = O ($ (1) ) . (109) 

Equation itTTTSl) implies 

tti4aJ + tt 2 4Aq - 7r 2 Aj = 0(7ri) =$■ Aj = 4 Aq • (HO) 

We can see that A§ enter in the solution of the symmetry equation as an arbitrary function of 
time. In fact, we can identify this function with a time dependent gauge parameter. Taken on the 
constraint surface 7r 0 = 0, equation m reads 

^i4 2 4j + (4^1 + ^2 - ql + {V’i, ^o 1 '}) 4 Aq + (d t ip 2 + {tp 2 , Ag = O(pi). (Ill) 

Since the constraints i[> and the Hamiltonian do not depend on the gauge parameter, we 

obtain from ED and ODD 

f/> 1 = O(pi) = (aigi + a 2 q 2 + a 3 p 4 + a 4 p 2 )pi , 

where a are some functions of time. With allowance for this result, we obtain from ED and ED 


i >2 = ql + {aiqi + a 2 q 2 + a 4 p 2 )p 2 + {fiiqi + (3 2 q 2 + (d 3 pi + PaP 2 )pi , (112) 

7 We recall that all LF under consideration may depend on time explicitly; however, we do not include t in the 
arguments. 
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where f3 are some functions of time. Similarly, we have 


£> t ip 2 + = (2 - ai)qiq 2 + ai\ p p 2 + A = 0{jpi ), 


( 113 ) 


where A does not contain terms of the form q\q 2 and \ v p 2 - Therefore, relation (II 1311 is contradic¬ 
tory. 

Thus, we have demonstrated that the symmetry equation has no solutions for the gauge charge 
of the form cm. The gauge charge must depend on all constraints, both FCC and SCC. An 
example of such a charge (solution of the symmetry equation (111)711 1 is 


G = (tt 2 + ql + 2q x p 2 + 2q 2 p! + 2X p p 1 )i' ( t ) + (m + 2q 1 p 1 )v ( t ) + 0(rf) , 


(114) 


where v ( t ) is the gauge parameter. 

III. As another example, we present below a model with FCC. Here, any nontrivial gauge 
symmetry of the Hamiltonian action Sh has a gauge charge which depends on Lagrange multipliers. 
The Hamiltonian Sh and Lagrangian action S of the model have the form 


Sh = 


M 


p x i± l +Pyiy l +p z ii l 


H W) , 


S=\fdt W + x'f + (z* + y i + ge) k x 3 y k ) 2 ] , 


(115) 


where 


H^=H + H=±(p 2 yi+p %) 

= Px *, e jk = -ejU , e i 2 = 1, Vi; i,j, k = 1,2, 


x l p y i - y l p z i - ge) k x 3 y k p z i , 


and g is a constant. 


Considering the consistency conditions for the primary constraints , we find second-stage 


constraints <F 


( 2 ) 


H} = p y i + ge\ lV l p z i = 0 =*► } = p v i + ge 3 u y l p zj . 

(3) 


Similarly, we find third-stage constraints <E>> , 


$( 3) = 


{& 2 \H} = (6j + 2ge : u x l + ge^Py i) p z , . 


No more constraints appear from the consistency conditions. All the constraints are FCC. We can 
replace the constraints 4>- 1 \ <b- 2 \ and <b- 3 ^ by an equivalent set of FCC, and T- 3 \ which 

T- 1] = p x i , =p yt , =p z >. 

Let us suppose that a 6rj = { 77 , G} and <5 A is a gauge transformation of the action Sh, with the 
gauge charge G that does not depend on A. We can present such a charge as 


N 


G = Y / u ll] (t)Gi(v). 


(116) 


;=o 


where u ( t ) is a function of time. The symmetry equation, in the case under consideration, has the 
form 

d t G + {G,H} + {G,p xi }X = 0(p x ). 

Since the gauge charge does not depend on A, for A = 0, we obtain from this equation 

{G,H} + d t G = 0(p x ). (117) 

Then 

{G,p x i}\ = Q(p x ) => {G,p x i} = 0(p x ). (118) 
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It follows from 1TT7I) that the function Gn (rf) can be represented in the form 


G n = A i p x i + 0($ 2 ), 

where A 1 are functions of the coordinates only. Then, considering the terms proportional to v\ N 1 
in the symmetry equation, we can see that the function Gn-i(v) can be presented in the form 

G N -1 = - A ^ (2) + B l Pxi + 0($ 2 ), 

where B l are functions of the coordinates only. Relation (TTTsl) implies d x j A 1 = 0. Considering the 
terms proportional to in the symmetry equation, we can see that the function GN- 2 {q) can 

be presented in the form 

Gn -2 = + A\5l + 2 gj u x l ) Pzi + &p xi + 0(<b 2 ), 


where 

D i = B i — dtA 1 - (x l d y i + y l d,j + ge l mn x m y n d zl )A i , 

and G l are functions of the coordinates only. Considering the terms proportional to u^- N ~ 2 ^ in the 
symmetry equation, we obtain 

e l ij A i = 0 => A* = 0 =► D i = B i ; »,,, l) 1 - 0 ■().,, B' 0 . 

Therefore, 

G N - 2 = -B%f ] + C l p x , + 0 ($ 2 ). 

Proceeding in the same manner, we obtain, at the final stage of the procedure, 

G 0 = -M i ^ 2) + K i p xi +0(^ 2 ), 

where M 1 and K‘ are functions of the coordinates only. Substituting the functions Go, ...,Gn- i, 
and Gat in the above form back to the symmetry equation, we obtain 


u{t) 


+ (IT + 0(M))$f ) 


+ 0 ($ 2 ) 


Q{p x ). 


Since the constraints >I>( 2 ) and are independent, we conclude that M = K = 0, which means, in 
turn, that the charge vanishes quadratically on the extremals, i.e., G = 0(<b 2 ). Therefore, the 
symmetry under consideration is trivial, and a real gauge charge must contain Lagrange multipliers. 

IV. Finally, we present below a model with SCC, in which the canonical charge depends on 
Lagrange multipliers. This model is described by a Hamiltonian action SR that depends on phase- 
space variables q a ,Pa , a = 1, 2, and x a ,7r a , a = 1, 2, 3, as well as on a Lagrange multiplier A , 


Sh = 


Pala 


ja + n a x a -H {1) dt, = Hq 1] + V, V = fq\X\x\ . 


H, 


Q 1] = ^ {<ll + Pi) + XlTT 2 + £ 2 7T3 + -X\ + 2 7r 2 + 2 ^3 + A7r l 


(119) 


The model has one primary constraint, = 7Ti. One can consider V as the interaction Hamil¬ 
tonian with a coupling constant /. To demonstrate that the symmetries of the action Sh have 
charges that must depend on Lagrange multipliers, one has to find all the constraints of the model 
and then to analyze the symmetry equation. We leave this problem to the reader’s consideration. 


9 Summary 

Below, we summarize the main results of the present article: 

A constructive procedure of solving the symmetry equation with the help of a so-called orthog¬ 
onal constraint basis is proposed. 

Using such a procedure, we can determine all the gauge transformations of a given action. In 
particular, we represent the gauge charge as a decomposition in constraints of the theory; see 
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Thus, we establish a relation between the constraint structure of the theory and the structure of its 
gauge transformations. We stress that, in the general case, the gauge charge cannot be constructed 
with the help of some complete set of FCC alone, since its decomposition contains SCC as well. 
The gauge charge necessarily contains a part that vanishes linearly in the FCC, and the remaining 
part of the gauge charge vanishes quadratically on the extremals. With accuracy up to a trivial 
transformation, any gauge transformation can be represented in the form lt29l) . Ip|) . with the gauge 
charge The gauge charge contains time derivatives of the gauge parameters whenever there 
exist secondary FCC. Namely, the order of the highest time derivative that enters the gauge charge 
is equal to — 1, where H x is the number of the last stage when new FCC still appear. 

The above-mentioned procedure of solving the symmetry equation allows one to analyze the 
structure of any infinitesimal Noether symmetry. Thus, one can see that any infinitesimal Noether 
symmetry can be represented as a sum of three kinds of symmetries: global, gauge, and trivial 
symmetries. The global part of a symmetry does not vanish on the extremals, and the corre¬ 
sponding charge does not vanish on the extremals either. The gauge part of a symmetry does not 
vanish on the extremals, but the gauge charge vanishes on them. The trivial part of any symmetry 
vanishes on the extremals, and the corresponding charge vanishes quadratically on the extremals. 
The above division is not unique. In particular, the determination of the global charge from the 
corresponding symmetry equation, and thus the determination of the global part of a symmetry, is 
ambiguous. However, the ambiguity in the global part of a symmetry transformation is always the 
sum of a gauge transformation and a trivial transformation. The reduction of symmetry variations 
to extremals are global canonical symmetries of the physical action, whose conserved charge is the 
reduction of the complete conserved charge to the extremals. Any global canonical symmetry of 
the physical action can be extended to a nontrivial global symmetry of the complete Hamiltonian 
action. 

We note that in our procedure of solving the symmetry equation, the generators of canonical 
global and gauge symmetries may depend on Lagrange multipliers and their time derivatives. This 
happens in the case when the number of stages in the Dirac procedure is more than two. We have 
presented examples of models where generators of canonical and gauge symmetries necessarily 
depend on Lagrange multipliers. 

We have proved that any infinitesimal Noether symmetry that vanishes on the extremals is a 
trivial symmetry. 

Finally, using the revealed structure of arbitrary gauge transformation, we have strictly proved 
an equivalence of two definitions of physicality condition in gauge theories. One of them states 
that physical functions are gauge-invariant on the extremals, and the other requires that physical 
functions commute with FCC (the Dirac conjecture). 
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